We solve exactly the problem of calculating the electromagnetic fields produced by a finite wire with a constant current, by using two methods: retarded potentials and Jefimenko's formalism. One result in this particular case is that the usual Biot-Savart law of magnetostatics gives the correct magnetic field of the problem. We also show graphically the corresponding Poynting vector.
Introduction
In introductory courses on electromagnetism it is taught that Ampère's law for magnetostatics cannot be applied to a finite wire with constant filamentary current. Instead the Biot-Savart law can be applied, and by superposition of the fields produced by infinitesimal elements of a circuit a reasonable solution can be found.
In a recent paper, Charitat and Graner (CG) [1] pointed out that if the problem is considered in more physical terms, then we must ask for the cause of the finite current. They correctly argue that it is necessary to take into account that time-varying charge sources must be at the ends of the finite current. Then they show that the Ampère-Maxwell law, with the displacement current included, resolves the discrepancy between Ampère's law and the Biot-Savart law.
In a comment, Hnizdo [2] criticizes CG's work on the ground that the Biot-Savart law is a solution of the Maxwell equations only in the limit of zero retarded time and proposes Jefimenko's equations [3] as a better approach, but without working out the problem in this way.
In the present work we develop the problem within the whole Maxwellian approach, where the linearity of the equations permit their solution through the method of retarded potentials, taking special care, as it must be in a finite problem, of boundary conditions, including time conditions. Indeed, this is the most difficult part of these kind of problems. We also solve the problem with Jefimenko's formulae which is an alternative way of dealing with the retardation typical of electromagnetism. Indeed, the present example is one of the few cases in which an exact solution through retarded potentials can be found. We have also analysed graphically the Poynting flux, which gives interesting images of the supposed momentum and energy flux. In solving the problem within the Maxwellian approach, we develop some mathematical techniques that will surely be useful to the student in the solution of other problems. Conceptually, the problem is also interesting because it deals explicitly with the displacement current as well as with the time retardation intrinsic to any field theory.
Retarded potential and electromagnetic fields
We begin by defining the specific charge and current densities of this problem.
A current I 0 in a wire of length L is expressed as (see figure 1 )
where as usual is the Heaviside function. The corresponding current density J can be expressed as
where it has been taken into account that the Dirac delta function has units of (length) −1 and that the wire has no length in the x-and y-directions.
The geometry of the problem demands the use of cylindrical coordinates; then, in this coordinate system, we have J expressed as
where r c is the radial cylindrical coordinate.
Physically it is clear, as CG pointed out, that there must be two point charge sources at the ends of the wire. These charge sources must be time-varying, and thus the problem is of a pseudomagnetostatic nature. Thus Ampère's law is not applicable because of the lack of enough symmetry, and the Biot-Savart law is valid only in the limit of zero time retardation.
We solve the problem first with the retarded potentials and then with Jefimenko's formulae which is an alternative way of dealing with the retardation.
The first step is to specify the charge and current densities in order to obtain the retarded potentials. The current density has already been obtained as a consequence of the condition of constant current needed in the wire. The charge density can be obtained from the continuity equation for the charge and current densities, ∂ρ ∂t
Then, we first calculate the divergence that gives the result
where we used ∂
Then, the continuity equation (4) gives the following expression for
And since it is satisfied that
then the equation for
This equation gives implicitly the time-dependent point charges at the ends of the wire. After integration of equation (9) we obtain
where Q 0± are integration constants which without loss of generality can be chosen as
Then, the time-dependent point charges at the ends of the wire are
Therefore, the charge densities are
With the results (12) and (13) we can obtain immediately the retarded potentials, which are given in general by [4] V (r, t) A(r, t)
In our case, we have
Therefore, the distance between the source point and the field point is
Then, the scalar potential is expressed as
At first sight the integral looks formidable, but thanks to the functions δ(r c ) and δ z ± L 2 the integration with respect to r c and z can be done easily and the result is
where
The integration with respect to t is immediate, obtaining
Using (11) and (12) let us write the scalar potential as
From (3) and (14) we have the vector potential expressed as
Integration with respect to r c leads to
And since the integration with respect to t is also immediate, we obtain
This is a well-known result [3, [5] [6] [7] . The magnetic field is obtained taking the rotational of the vector potential: Equipotential lines around the ends of the wire, the arrows represent the direction of the electric field (not its magnitude) generated by an array of two point charges at the ends of the finite wire. This figure also shows a few closed curves that are the cuts of the equipotential surfaces on this plane.
Thus, after integration we have
which is the result given in texts [5, 6] and CG [1] . Now it is convenient to define
which together with the definition of R ± permits us to express the magnetic field as
As can be seen, the retarded potential A(r, t) leads to the usual magnetic field obtained by the Biot-Savart law. Now, since we have the retarded potentials V and A we can also obtain the electric field. Since A does not depend on t, we only need to calculate the gradient of V. The result is
which is the expected result, a field produced by two point charges ±I 0 t at the ends of the wire. Note that this is a time-dependent electric field and not an electrostatic field as in the case of a circuit with constant current connected to a battery. However the electric field is irrotational, as shown in equation (36). Figure 2 shows the equipotentials and the direction of the electric field.
Proof that the fields obtained satisfy the Maxwell equations
It is necessary to verify that equations (28) and (29) are the correct fields and therefore satisfy all of the Maxwell equations.
We consider first the Gauss law for the electric field,
From equation (29) we obtain
where we have taken into account that
Now we express δ(R ± ) in cylindrical coordinates, obtaining
which after substitution into (31) leads to the charge density given in (13). Therefore equation (30) is satisfied. Let us consider now the Gauss law for the magnetic field
We have that
Given that A =kA(z) and A(z) are not singular at z = 0, it is obvious that the absence of sources of B is satisfied. With respect to Faraday's law,
we have that B does not depend on time. Therefore the right-hand side of Faraday's law is zero. On the other hand, since the electric field is deduced from a potential in equation (29), then is it obvious that
Finally, we must verify that the Ampère-Maxwell law is satisfied. This is what CG claim in their paper, but only in the limit of zero retardation, as Hnizdo points out. The Ampère-Maxwell law says that
This is the most interesting case, since it distinguishes between magnetostatic and nonmagnetostatic solutions, which is our problem. Since our model is a filamentary constant current in a finite wire, then r c = 0 is a singular point. Then we must be careful in calculating ∇ × B as we were before in calculating ∇ · E, given that E = r/r 3 . Obviously the divergence is zero for r = 0, as can be seen from the result (32). Indeed, it is necessary to analyse this point more carefully.
As can be seen from (26), the magnetic field is of the form
where, according to equation (28),
Then using the identity
we have
But for r c = 0 the following condition must hold (see appendix A):
With the use of (42) and some calculations we get
But for r c = 0, equation (44) is transformed into (see appendix B)
On the other hand, with the aid of (12) it is straightforward to obtain
We can see that the right-hand side of equation (45) is 2π J, then equation (44) is equivalent to the Ampère-Maxwell law as given in (38).
As we can see, the fields (28) and (29) are solutions of all of Maxwell's equations. It must be noted that most care is necessary to deal with the singularities associated with the Dirac distributions.
Jefimenko's approach
Hnizdo also comments that the calculation of the fields can be done with Jefimenko's formulae that takes into account the retardation. In this section we show that this method gives, as it must, the same results as the method of the retarded potentials.
Jefimenko's formulae are [3] 
where as usual R = r − r , and R = |R| .
Since J does not depend explicitly on time, we have for this particular problem
It is well known [3, 5] that equation (50) leads to result (26) obtained with the retarded potentials.
On the other hand, from the results of section 2 it is clear that only the first term in equation (49) gives a contribution different from zero; then it is to be expected that
as we show below. Then we have that
As expected, we can see that Jefimenko's formulae lead to the same results given by the retarded potentials.
The most significant point is that the magnetic field is given by an expression of the type given by the Biot-Savart law, that even though it is not generally a solution of Maxwell's equations, it is for the particular current density that gives a current I = constant in the wire of length L.
Now we proceed to show that equation (51) is true. First, we use the previous definitions to express the field E as 
Energy balance
In classical electromagnetism the energy balance is expressed by the equation
where u is the energy density,
and is the Poynting vector, E is the electric field and J is the current density. Though there are several controversial points around this equation [8] , it is usually interpreted as the law of conservation of energy in electromagnetism. Thus, integrated over a volume, the equation says that the energy within this volume changes in time because there is a flux of energy through the surface that encloses the volume, given by the surface integral of Poynting's vector and also by the Joule heat given by the volume integral of the right-hand term of the equation. Feynman gives in his famous book [9] some reasons to doubt this interpretation. Thus, considering implicitly an infinite wire with constant current, he shows that in a finite piece of the wire the flux of energy is perpendicular to the surface of the wire and is equal to the Joule heat developed in that piece of wire. Somehow, intuition makes one expect that the flux must be in the direction of the current. Also, a static point charge near a magnet produces a circulation of energy in closed loops. It is in this sense that Feynman says that the theory is 'crazy'. The example of the finite wire with constant current shows graphically in figure 7 that the flow of energy is perpendicular to the wire only in its middle point. As can be seen in these figures, the Poynting vector is tangent to the equipotential surfaces and has radial symmetry with respect to the wire as axis. This is a consequence of the fact that the electric field is orthogonal to the equipotential surfaces and the magnetic field forms closed circles around the wire, as shown in figures 3-6.
On the other hand, the pseudostatic nature of the present example makes the flow of energy more natural that finally is dissipated as Joule heat in the wire. The explicit calculation of the flux of energy, however, is formidable in this case because the magnetic field varies through the surface of the wire, while in the infinite wire it is constant in magnitude. Anyway, the analytic solution which in this case would be
is hard to interpret. So we show with a graphical display the behaviour of the Poynting vector in figure 7.
Conclusions
We have solved the problem of a finite wire with a filamentary constant current I 0 using the Maxwellian field theory, with its intrinsic field retardation. Also, we have solved it with Jefimenko's formulae that exhibit explicitly the time retardation. Among other results we find that the Biot-Savart solution is an approximate solution, with zero retardation time, that in this particular case is also an exact solution. This result shows that the problem is not strictly magnetostatic.
In solving the problem we had to be very careful to handle singularities that arise from the characteristics of the problem (filamentary, finite current and point charge sources).
Finally, we show graphically the Poynting vector for this problem, finding that it is perpendicular to the wire only in the middle.
After analysing and comparing the properties of these functions with those of the functions it is not hard to see the equivalence: 
